Terahertz frequency metrology by radio frequency downconversion using femtosecond optical sampling relies on the harmonic factor retrieval between the terahertz frequency and the optical sampling rate. At typical femtosecond laser repetition rates, this imposes an ambiguity for frequency metrology. We report on a dual-comb sampling system for the unambiguous frequency measurement of terahertz quantum cascade lasers with hertz-level precision. Two Ti:sapphire oscillators with 10 GHz repetition rate are used for the electro-optic sampling of terahertz radiation at 2.5 THz emitted by actively mode-locked terahertz quantum cascade lasers with 9.7 GHz and 19.6 GHz repetition rates. By coherent downconversion, the emitted terahertz waveforms are measured in the radio frequency domain. The terahertz frequency comb is stabilized by employing a phase-locked loop on a radio frequency beat-note signal. A second infrared sampling comb is used to measure the absolute frequencies of the terahertz radiation. This method, which is based on the detuning of the sampling repetition rates, allows the direct retrieval of the quantum cascade laser's absolute frequency in real time without using additional optical frequency references for calibration. In order to demonstrate the feasibility of the stabilization and readout technique, a high-resolution spectroscopy measurement on gaseous methanol is presented.
INTRODUCTION
Terahertz quantum cascade lasers (QCLs) play an important role as terahertz sources for high-resolution spectroscopy [1] , due to their very narrow intrinsic linewidth [2, 3] , high output power, and potentially compact form factor as compared to terahertz generation using nonlinear effects or photoconductive emitters. In the terahertz spectral region, the rotational transitions of simple molecules have Doppler-limited linewidths in the range of a few 100 kHz, requiring metrology-grade tools for high-resolution spectroscopy. To achieve a subkilohertz resolution is challenging in common Fourier-transform spectrometers or far-infrared laserbased spectrometers. Using calibrated QCLs for absorption spectroscopy can provide a powerful tool to catalog the molecular transitions in the terahertz frequency band [1] . The challenge to use terahertz QCLs for frequency metrology lies in the measurement of the absolute frequency values of the QCL modes. This is possible by using coherent sampling of the terahertz waveform by a femtosecond laser [4] . In previous works [5, 6] , the measurement of the absolute frequency is limited by the ambiguity of the harmonic factor between the unknown frequency and the optical sampling rate. In Ref. [5] , two sampling combs in the hundred megahertz range have been used, resulting in harmonic index jumps and difficulties due to the drifting repetition rate difference between the sampling combs. The experiment presented in [6] used a single stabilized 77.5 MHz repetition rate Ti:sapphire laser and a lHe cooled hot-electron bolometer as frequency downconversion element. By tuning the repetition rate, a harmonic index measurement is performed, limited by the residual QCL frequency jitter, and thus a high uncertainty on the harmonic index. Applying the frequency measurement to highresolution spectroscopy required elaborate techniques to identify the measured absorption feature.
We present the implementation of a dual-comb sampling technique using high repetition rate femtosecond Ti:sapphire lasers.
The high repetition rate, together with the dual sampling technique, completely eliminates the frequency ambiguity. Therefore, this method allows the instantaneous and unambiguous retrieval of the QCLs' absolute frequency without using additional optical frequency references for calibration, providing an absolute frequency reference in the terahertz region.
DIRECT FREQUENCY READOUT
Two terahertz QCLs with different cavity lengths are used for the presented experiment. They are based on a bound-to-continuum active region design with a single plasmon waveguide [7] and are operated in the longitudinal multimode regime, with frequencies ranging from 2.4 to 2.6 THz. By injecting a radio frequency (RF) bias modulation close to the respective round-trip frequency of the QCLs, active mode-locking is achieved [8] . Compensating for losses in the RF components, typically 0 to 5 dBm of RF power have been used for injection locking. The first QCL is a 4.03 mm long device with a longitudinal mode spacing of about 9.73 GHz and a total output power of 5 mW. It was used for all presented results on dual-comb sampling and phase locking. Due to better spectral overlap with methanol absorption lines, a second QCL is used for the spectroscopy experiments presented in this paper. The second QCL has a length of 1.99 mm, resulting in 19.59 GHz longitudinal mode spacing; the delivered power is up to 15 mW.
In order to measure and stabilize the absolute frequency of the terahertz QCL, the electric field is sampled using coherent asynchronous optical sampling at a repetition rate of 10 GHz [4] . The experimental implementation is shown in Fig. 1 . Two Kerr lens mode-locked femtosecond Ti:sapphire lasers with f R,f s 10 GHz and f R,f s Δf R,f s repetition rate [9] are used as sampling combs. The absolute repetition rate of the master oscillator is phase-locked to an RF synthesizer, while the repetition rate of the slave oscillator is stabilized relative to the first oscillator [10] . The sampling combs' repetition rate offset Δf R,f s is chosen to be typically in the range of 100 to 1000 kHz. The repetition rate stability is δf R,f s 2 mHz, and the repetition rate offset stability is δΔf R,f s 288 μHz. The two femtosecond lasers are noncollinearly focused through the same f 300 mm lens on a 2 mm thick ZnTe crystal passing through a cone-shaped bore in an offaxis parabolic mirror with an effective focal length of 25.4 mm. The terahertz beam spatially overlaps both femtosecond laser beams, while the spatial overlap among the Ti:sapphire lasers is kept to a minimum to avoid cross-correlation artifacts. The following quarter-wave plate and polarizing beam-splitter cube complete the unbalanced electro-optic detection. The unbalanced Fig. 1(b) . A full description is given in the text. ZnTe, 2 mm thick ZnTe crystal; QWP, quarter-wave plate; PBSC, polarizing beam-splitter cube; BP, electronic bandpass filter; (b) detailed view of the signal conditioning of the first photodiode for frequency stabilization and in-loop characterization. After the longitudinal beat-mode spectrum is amplified, and a single mode is filtered, the signal is split into a feedback loop branch and an in-loop characterization branch [not shown in Fig. 1(a) ].
detection allows the use of higher probe powers without saturating the photodetectors [11] . The probe power incident on the electro-optic crystal was 300 mW for both femtosecond lasers. The intensity-modulated femtosecond lasers are detected on two separate amplified Si-photodetectors. Following the derivation in [4] , the sampled waveform E S t at the detector of the master oscillator can be described as
Here III f R,f s t is the Dirac comb function with a spacing of f R,f s , and E QCL t is the electric field of the terahertz QCL. The QCL field is described by a sum of M q p planar waves with amplitude E m and phase ϕ m . The spectrum of the QCL is a comb with carrier frequency ν QCL and repetition rate f R,QCL . It can be shown that Eq. (2) describes a downconverted RF signal. By introducing the new carrier (beat-)frequency
and the new mode spacing
the RF waveform can be expressed as
From Eq. (3), it becomes clear that this sampling technique provides a direct link of the absolute QCL frequency to the RF domain. If the beat frequency f b is measured and the harmonic index n is known, the QCL frequency can be measured with a precision only limited by the femtosecond lasers' repetition rate stability n · δf R,f s . To determine the harmonic index, the second RF beat signal is measured by sampling with the slave oscillator using a different repetition rate [12] . As both femtosecond lasers experience the same terahertz field, only the beat signal frequencies will vary due to the difference Δf R,f s in the sampling frequency. As long as the sign of the beat frequency is the same for both sampling combs (i.e., 0 < f b n · Δf R,f s < f R,f s ∕2), the harmonic index can be calculated from the two measured beat signal frequencies given by Eq. (3):
Assuming Δf R,f s to be stable, the error of the harmonic index can be estimated as
As n is an integer number, the harmonic index can be unambiguously determined if the beat frequency difference can be measured with a precision better than Δf R,f s ∕2. Because n is small (≈250-260) for this high-repetition rate sampling system, the required measurement precision is in the 100 kHz range compared to typical femtosecond oscillator repetition rates in the subgigahertz region (n ≫ 1000), which would require a much higher beat frequency stability. This is expressed by the second representation of δn in Eq. (7). The harmonic index error is n times the relative error of Δf b . Typically, Δf R,f s is chosen to fit the whole beat frequency spectrum within the range of 0 < f b < f R,f s ∕2 without any index jumps, which further limits the maximum value of Δf R,f s for lower repetition rate systems.
To ensure the unambiguous frequency measurement, the terahertz frequency comb produced by the QCL is stabilized using a phase-locked loop described in Fig. 1(b) . The downconverted waveform described by Eq. (5) consists of a set of beat frequencies ff 1 b,i g. The beat frequency spectrum is amplified, and one mode is selected to be fed into the phase detection of the feedback loop. In the loop filter electronics (described in [13] ), the selected mode is mixed with an RF signal at frequency f set b , defining the desired locking frequency. After phase detection, a proportionallyintegrating (PI)-filter generates a servo signal, which is fed into the modulation input of the QCL constant current driver. For characterization of the feedback loop, a monitor signal is analyzed with an electronic spectrum analyzer. Additionally, the beat-mode signal is measured using a frequency counter. In order to decrease the broadband RF noise floor, which limits the frequency counter's sensitivity, the signal is frequency-shifted to 400 kHz by mixing it with another RF synthesizer and band-limited using a narrow bandpass filter centered at 400 kHz. Phase coherence between all RF synthesizers used, the spectrum analyzers, and the counter is established by distributing a common 10 MHz reference signal of a GPS-disciplined Rb-clock.
DUAL-COMB SAMPLING AND FREQUENCY METROLOGY RESULTS
A typical beat-mode spectrum of the QCL at 1.3 A current and 21 K operating temperature is presented in Fig. 2(a) . A GaAs photodetector with 12.5 GHz bandwidth has been used. The signal was measured with 3 kHz resolution bandwidth. The spectrum consists of 12 modes in this case. From this beat-mode spectrum, a single line at f 1 b 606 MHz is selected to be fed into the frequency stabilization scheme. Figure 2(b) shows the monitor signal of the phase-locked loop in the closed-loop state as well as the derived signal for frequency counting in a small span around f 1 b . Two sidebands originate from the P-share of the loop filter, indicating a loop bandwidth of about 600 kHz. The signal-to-noise ratio of the locked beat signal at different resolution bandwidth is shown in Fig. 2(c) . Fitting the measured values shows a slope of −9.6 dB∕decade, which indicates that almost all power of the mode is locked using the phase-locked loop. The central peak of the monitor signal is isolated using the described filtering scheme and fed into a frequency counter. The frequency stability over time is shown in Fig. 2(d) . The dashed lines indicate the ∕ − 5 times the median absolute deviation (MAD) range. With yi as the normalized frequency samples, the following MAD definition is used [14] :
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distributed samples. Using the 5 · MAD criterion for outlier removal, the overlapping Allan deviation in Fig. 2(e) is calculated. The values have been normalized to the QCL central frequency of ν QCL 2.52 THz. The relative frequency stability of the beat signal is 2.8 × 10 −15 at τ τ 0 1 s, and a dead-time-limited ∝ τ −1∕2 behavior is observed. As this measurement scheme characterizes the in-loop stability, it follows from Eq. (3) that the frequency stability of ν QCL is only limited by the absolute repetition rate stability amplified by the harmonic index n · δf R,f s . As the harmonic index is ≈n 250 for the 2.52 THz mode, the absolute frequency stability of the QCL is on the order of 500 mHz using this 10 GHz femtosecond laser for electro-optic sampling.
The precise determination of the absolute frequency of the QCL requires the exact knowledge of the harmonic index, which is a priori unknown when using only one femtosecond sampling comb. An exemplary measurement of the beat frequency spectrum using two femtosecond combs is shown in Fig. 3 . Both beat modes originate from the same longitudinal mode of the QCL, but due to a difference of Δf R,f s 500 kHz in the sampling combs, mode spacing shows a beat-mode frequency separation of n · Δf R,f s . Applying Eq. (6), a harmonic index of n 256 is determined for this particular mode. The terahertz frequency and all parameters are summarized in Table 1 . It should be highlighted that the beat frequencies have been measured using the Research Article internal frequency counters of the electronic spectrum analyzers used. The internal frequency counters of the spectrum analyzers were set to 1 Hz resolution. The frequency error of the counter is on the hertz level and is therefore negligible. The frequency error of the frequencies stabilized to synthesizers is of the same level.
Assuming an accuracy of the set and measured frequencies of 10 Hz, the uncertainty of the harmonic index is ∕ − 0.00051, or better than 5 · 10 −6 . As the harmonic index is an integer number, this results in the unambiguous and exact retrieval of the index. The high repetition rate of the sampling combs allows the use of larger repetition rate offsets, resulting in relaxed uncertainty constraints for determining the harmonic index and thus the absolute QCL frequency with hertz-level precision.
METHANOL SPECTROSCOPY SETUP
As an application and demonstration of the outlined frequency readout technique, a high-resolution absorption spectroscopy experiment in gaseous methanol has been carried out. The extension of the frequency metrology setup for spectroscopy is shown in Fig. 4 . The collimated beam diameter is approximately 30 mm. The terahertz beam is guided onto a 55/45 silicon beam splitter, which directs a portion of the terahertz power through a 23 cm long gas cell filled with gaseous methanol. The cell windows made of polytetrafluoroethylene (PTFE) are aligned at an angle of 5°. The wedge angle of the windows is 0.5°. The beam is subsequently focused onto a pyroelectric detector using a f 50 mm TPX lens. This involves chopping of the terahertz beam using a mechanical chopper wheel at f mod 20 Hz modulation frequency, which is generated by the lock-in amplifier. The signal of the pyroelectric detector is amplified using a transimpedance amplifier with 1 × 10 8 V∕A transimpedance gain and demodulated by the lock-in amplifier.
The spectroscopy experiment has been carried out using the second QCL with 19.59 GHz mode spacing, as it showed better spectral overlap with stronger methanol absorption lines. The Fourier-transform infrared (FTIR) spectrum of the QCL is shown in Fig. 5 . The specified FTIR resolution is 7.5 GHz. The absorption experiment has been conducted at about 1.35 A drive current and temperatures between 20 and 27 K. It should be noted that the spectral power distribution is highly sensitive to external cavity feedback from the ZnTe crystal. The feedback is minimized by tilting the ZnTe crystal with respect to the parabolic mirrors, but any movement of the ZnTe crystal will change the feedback to the QCL and therefore its spectral properties.
The absolute frequency measurement scheme that has been characterized above is applied in exactly the same manner. This ensures the precise tracking of longitudinal mode frequencies of the QCL while tuning to a methanol absorption feature. The addressed absorption line is an E2 transition with a line center at about 2.524 THz, which is listed in the Jet Propulsion Laboratory (JPL) spectroscopic database [15] and has been experimentally measured in other works, e.g., [1, 16] .
In multimode or mode-locked operation, the distribution of the QCL power on all longitudinal modes changes rapidly when the drive current of the QCL is changed. Therefore, the temperature and current setpoints have been chosen to allow temperature-tuning of the QCL frequency over a range of 50-100 MHz without substantial power fluctuations in the longitudinal mode close to the methanol absorption line. The frequency has been tuned by changing the local oscillator frequency in 100 to 500 kHz steps. A software control loop ensures that the phase-locked loop is closed and modifies the QCL temperature to shift the QCL into the locking range of the phase-locked loop (PLL) if the lock has been lost.
RESULTS ON HIGH-RESOLUTION SPECTROSCOPY
The measured absorption is shown for two different nominal pressure levels in Fig. 6 . The nominal pressure has been controlled The part labeled frequency metrology is identical to Fig. 1 . TPX, polymethylpentene; TIA, transimpedance amplifier. Research Article using a vacuum pressure gauge (Instrutech Stinger). The raw voltage recorded using the lock-in amplifier has been corrected by a linear background stemming from the power change of the longitudinal QCL mode when tuning the QCL temperature. Due to the pressure shift, the line center is different between the two measurements [see Fig. 6 (a) and 6(b)]. The measured data is fitted using a Voigt model, though the line shape is still mostly determined by pressure broadening in this parameter regime. The determined fit parameters, their uncertainties, and the pressure shift corrected value are listed in Table 2 . The line center uncertainty for both pressure values is on the order of 20 kHz; suggesting an absolute precision of 10 −8 . Figure 7 shows a plot of the observed line centers at different pressure levels for this work in comparison to [1] and [15] . A simple linear extrapolation of our observations to p 0 results in the pressure shift corrected value of 2.524387892 THz with an uncertainty of 53 kHz. This result is in close agreement and within the uncertainty bounds of the JPL database [15] and Pearson's work [1] . Adding to the frequency measurement precision of at least 10 −8 , the absolute frequency accuracy is also on the order 10 −8 if the JPL database is taken as the frequency reference source. This measurement puts a lower limit on the achievable absolute precision using the stabilized QCL, as the determined absolute accuracy is still much higher compared to the relative precision, which is on the order of 10 −12 . By improving the experimental pressure control and measurement within the gas cell, the pressure shift parameter could be determined using this spectroscopy technique. This allows one to determine the line center more precisely. As reported in [6] , other effects like Zeeman shift, ac-Stark shift or blackbody shift could be observed on the sub-1 kHz precision regime.
CONCLUSION
We have presented the dual-comb sampling of an actively modelocked terahertz QCL using two near-infrared frequency combs with 10 GHz repetition rate. This technique allows for the unambiguous absolute measurement of the frequencies emitted by the QCL with hertz-level precision. In this way, the QCL can be traced to a microwave frequency standard and used for metrologygrade high-precision spectroscopy in the terahertz spectral region [6, 17] . The stability is ultimately limited by the multiplication of two factors. The first one is the ratio between the sampled terahertz radiation frequency and the sampling combs' repetition rate (harmonic index); the second one is the stability of the absolute repetition rate lock of the master sampling comb. Apart from the cryogenic cooling of the QCL, this method relies on room-temperature detection methods and does not require hot electron bolometers for beat-note generation. In future prospect, the high power of the QCL in the milliwatt range should allow for Doppler-free saturated absorption spectroscopy.
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